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Abstract  
We obtain the genera of knots or links that are the closures of certain types of 4-braids. These 
4-braids are written as positive words in the band-generator presentation of the 4-braid group 
considered by E.S. Kang et al. in this volume, and their closures naturally bound surfaces that 
consist of four disks and half-twisted bands connecting any two disks. In fact we show that these 
spanning surfaces have the minimal genera. © 1997 Published by Elsevier Science B.V. 
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1. In t roduct ion  
The genus invariant is one of those invariants of knots and links that is easy to define 
but hard to compute. There have been some results concerning this invariant, e.g., for 
alternating links [14], fibered links, arborescent links [15], closures of 3-braids [8] or 
closures of homogeneous braids [26]. The program of studying links via closed braids 
was initiated by Birman and Menasco in the early 1980s and has been successful in 
many ways [6- l l ] .  This program brought about the hope of computing the genera for 
some new classes of knots and links. In fact, a combination of work done by Birman, 
Menasco [7,8] and Xu [28] gives an effective algorithm for computing the genera of 
knots and links that are represented by closed 3-braids. We will quickly review these 
works that have provided the motivation for our work on 4-braids. 
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Fig. 1. Portions of Bennequin surfaces. 
If L is an oriented link in S 3, then a Seifert surface for L is an oriented surface (not 
necessarily connected) F embedded in S 3 such that the boundary, aF ,  of F is L and no 
component of F is closed. By a minimal genus surface for L we mean a Seifert surface 
F which has the maximal Euler characteristic; that is, x(F)  >>. x(T)  for any other Seifert 
surface T. This definition is more natural than the one using genera of surfaces when we 
allow disconnected Seifert surfaces of links. 
We briefly recall the notion of Bennequin surface. See [5] and [7] for details and 
related topics. 
Let £ be an oriented link type and L be a closed n-braid representative of £; i.e., there 
is an unknot A c S 3 \ L, called the braid axis, and a fibration H = {Ho: 0 c [0, 27r]} 
of S 3 \ A by meridian disks such that L intersects Ho transversely at n points for all 0. 
A Seifert surface F for L is said to be a Bennequin surface if 
(1) F is a minimal genus surface, 
(2) F has a decomposition as a union of n disks, each of which is pierced once by 
the braid axis A, joined up by half-twisted bands. Also, the singular foliation of F which 
is induced by its intersections with fibers of H has the properties: 
(a) each disk is foliated radially, 
(b) each band has a single saddle-point tangency with a fiber of H.  
One can hardly expect that all closed n-braids have a Bennequin surface, but surpris- 
ingly, for closed 3-braids this is true. 
Bennequin's Theorem. Every link of braid index <~ 3 is the boundary of a Bennequin 
surface. 
There was a gap in the proof of Bennequin [2], and Birman and Menasco fixed this 
in [7]. Moreover, they improved the theorem. Their result, which may be roughly stated 
as follows, classified all links of braid index ~< 3 in [8]. 
Theorem (Birman and Menasco). If £ is prime, nonsplit and of braid index 3, and L 
is a closed 3-braid representative of £, then any minimal genus surface F of L can be 
isotoped relative to the boundary L to a Bennequin surface. 
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Fig. 2. Band-generators f B3. 
A Bennequin surface and its boundary can be described simultaneously by a single 
braid word in the appropriate presentation of B,,~ in which each generator corresponds to
one of (~') half-twisted bands between the ~ radially-foliated disks. These generators will 
be called band generators. For B3, this presentation was studied by Birman, Menasco 
and Xu in [8,28], and is called there the cyclic presentation. 
Cyclic presentation of/33. /33 -- (al, a2, a.3 a2al = a3a2 = ala3), where the genera- 
tors are as shown in Fig. 2. 
The above theorem of Birman and Menasco, combined with Xu's solution of the 
shortest word problem [28] in the cyclic presentation, gives an easy and quick algorithm 
to construct a minimal genus surface or to compute the genera of links of braid index 
~<3. 
Bennequin's theorem is not true for/34. Later we will give an example of links with 
braid index 4 all of whose closed 4-braid representative do not bound any Bennequin 
surfaces. But we believe it is still worthwhile to study special classes of closed 4-braids 
that bound Bennequin surfaces, as a way of partially understanding spanning surfaces of 
closed 4-braids. As in the case of B3, there is a presentation of B4 on band-generators. 
For the detail of this presentation, we refer to [18] where the word problem, the conjugacy 
problem and the shortest word problem up to conjugacy are solved. 
Band-generator presentation of B4. B4 has a presentation with generators al, a2, a3, 
a4, bl, b2 and with defining relations 
(/I (~3 ~ Ct3()~l ~ 
(12(14 ~- a4(~2~ 
a2al = albl = bla2~ 
(/.30,2 = a2b2 = b203,  (1) 
(~4(/3 =a3bl = bla4,  
a la4  = a4D2 - b2al ,  
where the generators are as in Fig. 3. 
Let W be a 4-braid and Lw denote the closure of W. The word W written in band 
generators naturally determines a Seifert surface, that will be denoted by Fw,  as follows: 
(l) Choose four radially foliated disks D,, D2, D3 and D4 such that as one goes 
through the braid axis A along its orientation, the indices of the intersecting disks increase, 
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Fig. 3. Band-generators f B4. 
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Fig. 4. A portion of Fw for alb2Ja4. 
(2) For each generator a~, connect Di and Di+l, and for b~, connect Dj and Dj+2 by 
a half-twisted band with the c crossing, where the indices of the ai's (bj's, respectively) 
are in modulo 4 (in modulo 2, respectively) and e = ~z 1. 
See Fig. 4 for an example. 
Remark 1. The defining relations of the cyclic presentation f B3 and the band-generator 
presentation of B4 can be thought of as being derived from the isotopies of the Seifert 
surfaces Fw by isotopies of S 3 \ A. See Fig. 3 in [28]. 
Remark 2. Let ~- be the automorphism of B4 defined by T(a~) = ai+l and "r(bi) : bi+l, 
where the indices of the aa's (bk's, respectively) are in rood 4 (in mod 2, respectively). 
Then Fw and F~-(w) are isotopic by a rotation along the braid axis A which sends the 
ith radially foliated disk to the (i + 1)st. 
A word in band-generators of/?4 is said to be positive (or negative) if it is a word 
on positive (or negative) powers of the band-generators. Two positive words are said 
to be positively equivalent if one can be transformed into the other by a sequence of 
positive words in which each word can be obtained from the preceding one by one 
direct application of a relation in (1). The cyclic equivalence is the equivalence r lation 
generated by moving the first letter of a word to the last, and the F-equivalence is the 
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equivalence relation generated by the positive equivalence, cyclic equivalence and the 
action of T. 
Remark 3. By Remarks 1 and 2, if two positive words W and W t are F-equivalent, 
then they have the same word lengths and their associated Seifert surfaces Fw and Fw, 
are ambient isotopic by an isotopy which fixes the braid axis A setwise. 
Our main theorem is stated as follows. 
Main Theorem. If W is a positive word on band-generators of B4, then the associated 
surface Fw is a Bennequin surface of the link Lw. 
Lw is sometimes a fibered link with a fiber Fw for a positive word W, for example 
in the case of homogeneous braids; that is, W is a positive word on al, a2, a3 [26], and 
the Main Theorem becomes obvious in such a case. We will later demonstrate hat the 
class of links Lw for positive words W in B4 is rather large by giving an example in 
this class that is neither a fibered link nor an alternating link. 
Our concept of positive words on band-generators and the associated surfaces is very 
closely related to the quasi-positive braids and surfaces defined by Rudolph in his series 
of work. He characterized quasi-positive braids and quasi-positive surfaces via algebraic 
functions and braided surfaces in [22-24]. It is interesting to note that his characterization 
of quasi-positive surfaces contains a sort of incompressibility condition for surfaces. 
By taking mirror images, it is obvious that one can derive a similar conclusion for 
negative words. 
Corollary. I f  [V is a negative word on band-generators of t34, then Fw is a Bennequin 
su~we of Lw. 
Thus if W is either a positive word or a negative word on band generators of B4, the 
genus of the link Lw can be computed from the surface Fw by the formula 
b-c  
- -+d-2  
2 
where b is the word length of W and c and d are the numbers of components in Lw 
and Fw, respectively. 
2. Proof of the Main Theorem 
From now on, a word means a word on band-generators of B4 and a band means a 
half-twisted band connecting two of the radially foliated disks D1, D2, D3 and D4. For 
any word W, the associated Seifert surface Fw for Lw satisfies the second condition 
of the Bennequin surface. So to prove the main theorem, it suffices to show that if W is 
positive, Fw has the maximal Euler characteristic among all Seifert surfaces of Lw.  
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Fig. 5. A Gabai disk. 
Fig. 6. A ribbon digon. 
By a cocore of a band of Fv¢, we mean a properly embedded arc in Fw that deletes 
the band by cutting Fw along that arc. Note that any properly embedded arc in Fw 
isotopic to the horizontal line segment in the third picture in Fig. 1 by an isotopy on Fw 
is a cocore. 
Let W be a word and let L = Lw and F = Fw. A disk B embedded in S 3 is called 
a Gabai disk for F if 
(1) in tANF=[3 ,  and 
(2) the transverse intersection of 0B and L consists of 2k points for some k > 0, and 
all but at most one segment of i~A divided by these points are cocores of some bands 
of F. 
A disk B embedded in S 3 is called a ribbon digon if 
(1) intA N F is a cocore of a band so that A has a ribbon intersection with F, and 
(2) i~A N L consists of two points. 
See Figs. 5 and 6 for simple examples of a Gabai disk or a ribbon digon. In the left of 
those figures, we draw only OA lying on F. Think of the surface F (except near the 
ribbon singularity in Fig. 7) as being on or below the paper and B as being attached to 
these simple closed curves above the paper. The dots indicate the points in i~A N L and 
they will always be located on the overpasses at crossings of L. 
The idea of Gabai disk is due to D. Gabai [14], where he used this concept o prove 
that the Seifert surfaces obtained by applying Seifert's algorithm to alternating diagrams 
of links are minimal genus surfaces. And the idea of ribbon digon is motivated in [8] by 
Birman and Menasco, in which they used the notion of digon to prove the classification 
theorem for links with braid index ~< 3; we modify their digon by allowing a band pass 
through. 
We will use the nine Gabai disks in Fig. 7. The band-generator word written under 
each picture denotes the subword of W corresponding to bands where a Gabai disk for 
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Fig. 7. Gabai disks. 
Fw can be taken. The , 's  in those pictures indicate the segment of 0A divided by OANL 
that is not a cocore of any band in F. 
The proof of the main theorem will be carried out by an induction on the word-length 
of W. The following lemma provides the initial condition of the induction. 
Lemma 1. If IV is a word in B4 of length <~ 3, Fw has the maximal Euler characteristic. 
Proof. Although this lemma can be proved easily by considering all possible cases, for 
simplicity we will use the result of [7]. Note that there is at least one radially foliated 
disk D~ to which at most one band is attached since there are at most 3 bands between 
4 disks. If there is a disk to which no band is attached, the spanning surface Fw is a 
disjoint union of a disk and a Bennequin surface for a closed 3-braid so that the result 
follows. If there is a disk with only one band attached, then Fw may be thought of as 
a Bennequin surface for a closed 3-braid by deleting this radially foliated disk together 
with the band attached to it. [] 
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Fig. 8. Shape of surface near the cocore. 
We now quote a result of Gabai, Scharlemann and Thompson. 
Lemma 2 [14,25]. If L is an oriented link in S 3 and F is a Seifert surface for L which 
does not have the maximal Euler characteristic, then there exists a Seifert surface T for 
L such that X(T) > x(F)  and intT N in tF  --- 0. 
The following two lemmas serve as our main induction step to prove the Main Theo- 
rem. It should be noted that the first of these is essentially claimed in [14]. 
Lemma 3. Suppose that the Main Theorem holds for all positive words of length n and 
W is a positive word of length n + 1 such that there is a Gabai disk for Fw. Then the 
Main Theorem holds for W; that is, Fw has the maximal Euler characteristic. 
Proof. Suppose that Fw does not have the maximal Euler characteristic. Let ZI be a 
Gabai disk for Fw and let T be the surface obtained by applying Lemma 2. By doing 
isotopies and compressions, we may assume that T N Fw consists of only arcs. Using 
the definition of Gabai disk, there is a segment c~ in 0ZI divided by OFw and an arc/3 
in T N A such that c~ U/3 forms a closed arc and c~ is a cocore of a band in Fw. See 
Fig. 8. 
By cutting Fw open along c~, one obtains the Seifert surface Fw, for a word W / of 
length n. By cutting open T, we obtain the Seifert surface T ~ for Lw,. Since x(Fv¢,) = 
X(Fw) + 1 and x(T')  = x(T)  + 1, X(T') > x(Fw,).  This contradicts the induction 
hypothesis that Fw, has the maximal Euler characteristic. Thus F has the maximal Euler 
characteristic. [] 
Lemma 4. Suppose the Main Theorem holds for all positive words of length 2k - 1 and 
W = (bib2) k. Then the Main Theorem holds for W, that is, Fw has the maximal Euler 
characteristic. 
Proof. Assume that Fw does not have the maximal Euler characteristic. We abbreviate 
Fw as F and Lw as L. Let T be the surface of Lemma 2, i.e., 0T ---- L, intT n 
int F = 0 and X(T) > x(F).  Consider the ribbon digon ZI between two adjacent bands 
corresponding to bl's as in the Fig. 6. 
Since ZI n L consists of 4 points, after doing isotopies and compressions on T, we 
may assume that T n A consists of two arcs and some circles that are all essential with 
respect o the ribbon intersection. By considering the orientation of L, the two arcs must 
join points either in the pairs (x,, 392) and (Yl, ~12) or (x~, !/1) and (x2, Y2) in Fig. 6. 
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Fig. 10. Bands 
The former case is illustrated in (a) of Fig. 9, and the latter in (b) of Fig. 9. The dotted 
lines denote the ribbon intersection of int A and F. 
In case (a) of Fig. 9, the surfaces F and T look as in Fig. 8 near the ribbon singularity, 
and the argument of Lemma 3 proves that F has the maximal Euler characteristic. Thus 
we assume that all ribbon digons embedded between two adjacent bl's are of the type 
(b) of Fig. 9. 
Let Ai be the ribbon digon embedded between ith and (i + 1)st bl for i = 1 . . . .  , k. 
By our assumption, T N Ai is of the type (b) of Fig. 9 for all i. Let c~i and/3i be the 
regular neighborhoods of A~ N T in T. Then they are bands attached to the link L as in 
(a) of Fig. 10. 
Let TI be the subset of T which is the union of T N N(L) ,  where N(L)  is a regular 
neighborhood of L, and the bands c~i's and fli's. Since T1 consists of a number of 
annuli and 2k bands connecting them, x(T1) = -2k .  In order to find an upper bound 
for the Euler characteristic of T, we need to know how many circle components there 
are in 0TI \ L. 0TI \ L, illustrated in (b) of Fig. 10, has either two components if
k is odd or four components if k is even and so it has at most 4 components. Thus 
x(T)  <~ 4 + x(T~) ~< 4 - 2k. Since x(F )  = 4 - 2k, this contradicts the assumption 
x(T) > x(F). [] 
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Remark  4. The method of proof of Lemma 4 can also be used to prove that Fw is a 
Bennequin surface of the link Lw for the word W = (bib21) k that is neither positive 
nor negative. 
In view of Lemmas 3 and 4, the proof of the Main Theorem will be completed when 
we prove the following lemma. 
Lemma 5. I f  W is a positive word in B4 of  length >~ 4 then either there is a Gabai disk 
for  Fw or W is F-equivalent to (b~b2) k. 
Before proving this lemma, we introduce some notations for convenience. For two 
positive words A ,B  ~ B4, write A ~ B if B is F-equivalent o CIAC2 for some 
positive words C, and C2 in B4. 
Recall the fundamental element ~ = a3a2am in [18]. It is positively equivalent to the 
following various words, where - means the positive equivalence. 
~--a3a2al -- a4a3a2 -- aja4a3 -- a2ala4 -- bla2a4 - albla4 
-a3b ,  a2 - ala3b, - b2ala3 -- a2b2a, A~ a4b2a3 - a2a4b2. 
Lemma 6. Let W be a positive word of  length ~ 4. Suppose that W satisfies one of  the 
following: 
(1) v 2 ~ W for  some band generator v; 
(2) ~ _~ W; 
(3) V = vlvzv3 ~_ W such that each vi is one of  the generators" al, a2 or bj; 
(4) a,.al ~ W; 
(5) ala3 ~ W; 
(6) bj Z~ W. 
Then there is a Gabai disk for  Fw.  
Proof. (1) Fw has a Gabai disk as in (a) or (b) of Fig. 7. 
(2) Since ~5 begins and ends with any generator, W should contain a square of a 
generator. Thus Fw has a Gabai disk by (1). 
(3) If a2al ~ V, then V should contain a square of a generator since the relation 
a2al = ambl = bla2 implies that it begins and ends with any of aj, a2 or bl. If  a2aj 7~ V 
and V contains no square of a generator, then V is F-equivalent to ala2bl. This is case 
(c) of Fig. 7. 
(4) We may assume that x(a2al)y ~ W for some generator x, y. If x is one of al ,  
a2, a3 or hi, then W should contain ~5 or a square of some generator. So x = a4 or b2. 
Similarly if y is one of al ,  a2, a4, bl, then W should contain ~ or a square of a generator. 
So y = a3 or b2. Then all the four cases are as follows: 
(a) If x = y = b2, then W contains b2a2alb2 so that Fw has a Gabai disk by (f) of 
Fig. 7. 
(b) If x = b2 and y = a3, then b2a2ala3 = b2ajbja3 = al(a4bla3) and a4bja3 is 
F-equivalent to a2bj al by applying ~-2. Thus Fw has a Gabai disk by (3). 
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(c) If x = a4  and y = a3, then v (W)  contains ala:~a2a4 = a,a2b2a4 so that Fw has 
a Gabai disk by (d) of Fig. 7. 
(d) If x a4 and fl = b2, then a4a2a,  lb2 = t .12(04~162) and 7-(t1,4C1162) = a.la2bl. Thus 
Fw has a Gabai disk by (3). 
(5) We may also assume that x(ala:{)y < W for some generator ~', y. We may assume 
that (1i+1o. i ~ ~/V by (4) and that W contains no square of a generator. Then x = bl and 
',q =/)2. Thus blala3b2 <_ W and F has a Gabai disk as in (h) of Fig. 7. 
(6) Notice that b2 2~ W by the definition of the notation "y" .  We may assume that W 
does not satisfies (1), (4) and (5), for otherwise Fw has a Gabai disk. Then al~t2a3(~4 -< 
W, and this is case (g) of Fig. 7. [] 
Proof of Lemma 5. Suppose that Fw has no Gabai disk. Consider the case that ai ~ W 
for all i. Then W is F-equivalent to (bib2) ~' since W contains no square of a generator 
by Lemma 6(1). Thus we are done. 
Now suppose ai _~ W for some i. We will show that Fw always has a Gabai disk 
in this case. By Lemma 6(6), b j ~ W for some j .  Thus we may assume that either 
b l~ -< W or b2a2 ~ W. But bla2 = a2al and this is not the case by Lemma 6(4). 
Thus we may assume that z'b2a2y <_ W for some band generators :e, y. If/4 is one of 
~1, ~2, a4, b2, then W contains a square of a generator or u i+~ai or aiai+2. Thus g~ is 
one of tt3 or bl by Lemma 6(1), (4) and (5). But if y - a3, then W contains ~92~2a 3 and 
v3(b2a2ct3) = blala2 and this should not happen by Lemma 6(3). Thus we end up with 
the case y = bl, that is, :cb~_a~_bl ~_ W,  
If .r is one of b2, a2, a4, then W contains a square of a generator or ct2al ~ W and 
this contradicts 6(1) or (4). If ~' = a3, then W contains (z362a2 but T3(a3b2ct2) = aZblal 
and this contradicts 6(3). If x - a~, W contains atb2a2bl so that Fw has a Gabai disk 
as in (e) of Fig. 7, and if x - bl, W contains blbza2bl so that Fw has a Gabai disk as 
in (i) of Fig. 7. These cover all possibilities for ;c and the proof is complete. [] 
The notion of band generators can be generalized to the braid groups Bn for all ~, and 
we conjecture that the Main Theorem holds for all ~. However, the generalization may 
involve techniques other than those required in this article. This is because the bands 
connecting two nonadjacent disks may be composed in a complicated way so that there 
is no Gabai disk on the surface formed by disks and bands. For B4 there are only two 
such bands, namely bl and b2, and we were able to prove the main theorem without using 
a Gabai disk in these cases (see Lemma 4). 
3. Some examples 
Our first example demonstrates that the class of links that are closures of 4-braids 
written as positive words on band generators i a new class in which one can obtain the 
genera of links. There have been results [14,17,28] concerning the genera of links for 
the classes of fibered links, torus links, alternating links or links with braid index <~ 3. 
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Fig. 11. Nonfibered and nonaltemative knot K = Lb~bla3b2b~. 
The class of alternative links of [17] includes all torus links and alternating links. We 
will give an example that is neither fibered nor alternative nor of braid index ~< 3. 
Let K be the closure of the 4-braid determined by the word 
2 2 W = bzbla3b2bl. 
The spanning surface Fw is given in Fig. 11. The HOMFLY polynomial of this knot is 
(v- '°  +4v-8  + 7v -° + 5v -4) + ( -  2v - l ° -  8w-8 _ l lv -6 -  7v-4)z 2 
+ (V -10 + 5V -8 ÷ 6V -6 ÷ 2V-4)Z 4 ÷ ( - -  V -8 _ V-6)Z 6. 
Note the inequality of Morton [20], 
s(D) >~ ½(E - e) + 1, 
where E (e, respectively) is the highest (lowest, respectively) degree of v and s(D) is 
the number of Seifert circles of a diagram D. By Yamada or Vogel's results [27,29], the 
minimal number of Seifert circles is equal to the braid index. For our example 
braid index = mins(D) ~> ½(E-  e) + 1 = ½( -  4 -  (-10)) + 1 = 4. 
Thus the braid index of K is 4. By our main theorem this knot has genus 2, with the 
minimal genus surface Fw as in Fig. l 1. 
The Alexander polynomial AK(t) of this knot is 2t 2 - 3t + 2. To see this, let ai's 
and/3~i's be generators of Hj (W) as in Fig. 11. Then their Seifert matrix 0 with basis 
(al, a2,/31,/32) is 
= 
-1  1 
0 -1 
0 1 
0 0 
0 0 
1 0 
-1  1 
0 -1 
where O(x, y) = lk(x +, y) and x + means a push-off of x C H1 (F) into S 3 \ Fw in the 
positive normal direction. Thus the Alexander polynomial is 
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Fig. 12. A closed 4-braid representing the unknot. 
AK(t)  = det(0 - tO T) 
( t -  l) 1 0 o 
- t  ( t - l )  - ( t -  1) 0 
= det 
0 - ( t - l )  ( t - l )  1 
0 0 - t  (t - 1) 
= 2t 3 - 3t 2 + 2t -- 2t 2 - 3t - 2. 
Note that for fibered knots, the Alexander polynomial is monic and has degree equal 
to the rank of H1 (F) for the minimal genus surface F. Also note that for alternating 
links [12,21] or more generally for alternative links [17, Theorem 9.3], the degree of 
the Alexander polynomial is equal to the rank of HI (F) for a minimal genus surface 
F. Thus this knot is neither fibered nor alternative. We note the work of Stallings [26], 
showing that the closures of homogeneous braids are fibered. Thus our example is not a 
closure of any homogeneous braid. 
The next example, illustrated in Fig. 12, is a closed 4-braid representative of the 
unknot. This example was given by Morton [19] (see also [10,221) to show that some 
closed n-braid representative of the unknot may not be reduced to the trivial 1-braid by 
doing only conjugations and the braid-index reducing Markov moves. 
In the band-generator presentation, this can be written as 
a;2ctl a;'a3a~ct;'ct2ct 3'.
It is conjugate to 
W = a~Jaza31a22ala~Ja3a~ 
- -2  o _ _ =bla[la-la23 albaa~ (since a I la2 = bla~ u and a 2 la~a2_ = b2) 
= b,a[¢ta[la22alb2a~ (since ala3 = a3al) 
=bta~lb~2a~lalb2a~ ( s incea~'a~'  = b~J a~ I) 
b la -1  -2  9 3 bl bza~. 
It is the shortest word among all words conjugate to W. To see this we use the terminology 
and the result of [ 18]. The left-canonical form of W is 
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W = bl a~Jb~2b2a~ 
= b, (a2a,)e~-'(a2a,,)5-'(a2a4)e~-ib2a 2 
= •-3b2(a3a2)(a2a4)(ala3)b2a2 (since ai5 = 5ai+l) 
= 5 -3 (b2a3)(a2a4)(a2a, ) 3b2a 2
= 5 -3(a3a2) (a2a4)(a2a,)a3b2a~, 
and the cycling c(W) of W is 
c(W) = 8-3(a2a4)(a2al)a3b2a2(a2a,) = 5 -3 (a2a4)(a2a, )a3b2(a2a, )b~ 
= 5 -3 (a2a4)(a2al)a3 (b2al)b~ = 5 -3(a2a4)(a2a,)(a,a3)a4b3,, 
and the decycling d(W) of W is 
d(W) = 5-3a3 (a3a2)(a2a4)(a2a,)a3b2a2 = 5 -3 (a3a2)b2(a2a4)(a2al)a3b2a2. 
Thus the canonical engths are g(W) = g(c(W) ) = g(d(W) ) = 7, so that the shortest 
word is given by Red(W) and W is one of the words in Red(W). If F is a Seifert surface 
for the closure of any 4-braid representative of the conjugacy classes of W such that F 
consists of 4 radially foliated disks and some half-twisted bands, then F should have at 
least 7 bands so that x(F)  ~< 4 - 7 = -3 .  But since the closure of W is the unknot, 
its minimal genus surface has Euler characteristic 1. Thus the closure of any 4-braid 
representative of the conjugacy classes of W does not bound a Bennequin surface. But it 
should be noted that the unknot has closed 4-braid representatives, for example al aza3, 
which admits a Bennequin surface. 
Finally we give a counterexample for the straightforward generalization of Bennequin's 
Theorem on B4. Consider the 4-braid W = (b~lazlbza2) z as in Fig. 13. Then Lw is a 
two-component boundary link. Let Lw = K U U where K is the figure-eight knot and 
U is the unknot. Since the figure-eight knot has braid index 3, the braid index of Lw is 
4. We will show that any closed 4-braid representative of Lw cannot bound a Bennequin 
surface. 
First we show that this closed 4-braid representative does not bound a Bennequin 
surface. The word representing this link is 
W = b~Ja~Ib2azbTla~lbza2 
= (a2a4)5-1(al a4)5-lb2a2 (a2 a4)~-I (al a4)5-1bza2 
= (~-4 (a2 a4) (a2al)b2a4 (a2a4) (a4a3)b2a2 
= 5-4(a2a4)(a2al)b2(a2a4)(a4a3)b, b2a2, 
l j k ;  
- - f  
Fig. 13. W = (b~-la2'b2a2) . 
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Fig. 14. Minimal surface for L(b?~a~.~b2a~):. 
c(W)=~-4(a2al)b2(aeaa)(a4a3)b, bza2(a2a4) 
=g--4(a2al)be(aea4)(a4a3)blb2(aea4)a2, 
d(W)=g-4a2(a2a4)(a2a,)b2(a2a4)(a4a3)b,b2 
=~-4(aea4)(a2al)blb2(a2a4)(a4a3)blb2. 
Thus g(W) = g(c(W)) = g(d(W)) = 8 and W is one of the shortest words among its 
conjugates. Thus if F is any Seifert surface of Lw which consists of 4 radially foliated 
disks and some half-twisted bands, then x(F)  <~ 4 - 8 = -4.  
But the surface given in Fig. 14 is a minimal genus urface with Euler characteristic -2.  
Thus this closed 4-braid representative, up to conjugacy, does not have any Bennequin 
surface. 
Now we show that Lw has a unique closed 4-braid representative up to conjugacy. 
Note that the Seifert surface, say T, of Lw in Fig. 14 consists of two components. Let 
TI and T2 be the components of T such that ~Tl = K and i~T2 = U. Let Lw, = K '  U L' 
be an another closed 4-braid representative of the link Lw for a 4-braid W ~ so that K ~ 
is the figure-eight knot and U ~ is the unknot. 
Then there is an ambient isotopy in S 3 from Lw to Lw,. Let Ti be changed to T~ 
under this isotopy. We delete all c-circles and inessential b-arcs in the fibration of T ~ 
by doing isotopies fixing the boundary. Since the figure-eight knot has only one closed 
3-braid representative up to conjugacy and T( is a Bennequin surface by [7], we may 
assume that K = K ~ and T1 = T(. 
Consider four disks A1, A2, /31, /32, each of which is bounded by an arc in one of 
bands and arcs in radially foliated disks of T( and a part of the braid axis as in the 
Fig. 15. We know that U ~ does not intersect T[ and has zero linking number with any 
cycle of H1 (T[). Note that U' intersects at least one of the disks A1, A2, Bl, /32, for 
otherwise Lw, is a split link. Since U ~ must be represented by a closure of one strand, 
U' intersects each disk at most once. Since U' has zero linking with all homology cycles 
of T[, it should intersect all of the disks Ai, A2,/31, Be. Thus U' is isotopic to U under 
an isotopy fixing the braid axis and T[. Thus Lw is isotopic to Lw, fixing the braid 
axis. Thus W ~ is conjugate to W. 
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Fig. 15. Four disks and T[. 
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